Stochastic Learning

Léon Bottou Email: leon@bottou.org

Summary

1- Framework, Examples

- Framework - Examples - Discussion - Illustration

2- Backprop Cookbook 3- Convergence 4- Optimal Learning

Introduction.

Online learning is not a new idea.

Early Learning Systems:

(Hebb-49, Rosenblatt-57, Widrow-Hoff-60, Amari-67, Tsypkin-71, Kohonen-82)

Recursive Adaptive Algorithms:

(Robbins-Monro-51, Kushner-Clark-78, Widrow-Stearns-85, Ljung-Sorderstrom-83, Benveniste-Metivier-Priouret-90.

Expected Risk, Empirical Risk.

Expected Risk

C(w) △ = Ez L(z, w) △ = ∫ L(z, w) dP (z) Empirical Risk

ĈN (w) △= 1 N N∑ i=1 L(zi, w)

Batch Gradient Descent.

Repeat:

- Compute gradient: ∇w ĈN (wt) = 1 N N∑ i=1 ∇w L(zn, wt) - Update: wt+1 = wt − γt∇w ĈN (wt)

Stochastic Gradient Descent.

Repeat:

- Pick random example zt. - Update: wt+1 = wt − γt∇w L(zt, wt)

Remark:

- Optimize Ez L(z, w) (when everything goes right. . . )

Stochastic vs. Online.

Stochastic Examples drawn from a finite training set. Often requires several epochs. . .

Online Keep learning after deployment. Examples provided on-the-fly.

The same mathematics apply to both cases.

I rarely make the distinction.

Stochastic/Online vs. Generalization.

Stochastic/Online Gradient optimizes Ez L(z, w) for whatever distribution the zt are drawn from.

Assume the zt are drawn from an infinite pool: =⇒ Optimize C(w) instead of ĈN (w). Same mathematics again.

Are we bypassing Vapnik’s theorems ? . . .

More General.

To minimize cost C(w):

Repeat:

1- Draw something random: zt. 2- Update: wt+1 = wt − γtJ(zt, wt)

Requirement:

Ez J(z, w) = ∇_w C(w)

Examples.

Adaline.

Model: Linear + threshold. Loss: LAdaline(x, y, w) = (y − wx)2 x ∈ Rn, y ∈ {−1, +1}

Update Rule: wt+1 = wt + γt(y − wtx)x

Widrow-Hoff 1960

Multilayer network.

Loss: LMLP(x, y, w) = (y − f(x, w))2

Update Rule:

Use back-propagation to compute ∇wf(x, wt). wt+1 = wt + γt(y − f(x, w)) ∇wf(x, wt)

Multilayer network.

Example:

- Convolutional layers - Subsampling layers - Gaussian layers (i.e. RBFs.)

LeCun et al. 1990

Non Differentiable Loss Functions.

What if L(z, w) has a few non differentiable points? Just pick another (better) example!

∇wC(w) = ∇w ∫ L(z, w) dp(z) ?= ∫ ∇wL(z, w) dp(z) Bounded convergence theorem ⇒ Sufficient condition. ∃Φ, ∀z, ∀ v ∈ ϑ(w), |Q(z, v) − Q(z, w)| ≤ |w − v| Φ(z, w)

Rosenblatt’s perceptron.

Loss:

LPerceptron(x, y, w) = (sign(wx) − y) wx y = ±1

Update Rule: wt+1 = wt + { 0 if correct γt y xt if mistake

Rosenblatt 1957

K-Means.

LKMeans(x, w) = K min k=1 (x−w(k))2 w− : closest centroid.

Update: w−t+1 = w−t + γt(xt − w−t )

Note: Learning rate γt = 1/t yields optimal algorithm.

MacQueen 1967

Learning Vector Quantization.

Kohonen 1982, 1988

w− : closest centroid.

w+ : closest centroid w/correct class.

LLVQ(x, y, w) = 0 if correct (x−w+)2−(x−w−)2 δ(x−w−)2 if (x − w^+)^2 < (1 + δ)(x − w^−)^2

1 otherwise Update: if { x is misclassified and (x − w^+)^2 < (1 + δ)(x − w^−)^2

then { w^−_{t+1} = w^−_t − γ_tk_1(x − w^−_t ) w^+_{t+1} = w^+_t + γ_tk_2(x − w^+_t )

Stochastic noise.

Does stochastic gradient converge? Where? Residual noise proportional to learning rate. |θt − θ∗|2 ≡ 1 t (. . . at best. . . )

Is stochastic gradient slow?

Speed Advantage.

Assume training set contains 10 copies of the 100 same examples.

• Batch Blindly computes redundant gradients. 1 epoch on large set ≡ 1 epochs on small set.

• Online Take advantage of redundancy. 1 epoch on large set ≡ 10 epochs on small set.

In practice, stochastic gradient can be orders of magnitude faster.

Many examples.

Learning N examples. Fixed capacity.

Memory Time Stochastic (optimal) O (1) O (N) Batch (superlinear) O (N) O (N log log N) SVM (QP) O ( N 2? ) O ( N 3? )

Beware the constants. . .

Other approaches.

- Mistake bounds (e.g. Novikoff, Littlestone) - Statistical physics (e.g. Solla, Saad, Caticha) - Bayesian (e.g. Opper)

NORB data

- 97200 stereo image pairs - 50 objects (5 classes, 10 instance per class) - 9 azimuths - 36 orientations - 6 lighting conditions

179 GB of raw data.

NORB data

Objects:

NORB data

Lighting:

Textured Background:

NORB experiments

Norb24K:

- 24300 train + 24300 test - stereo pairs 2x96x96 - every 20 degrees - uniform background

Norb243K:

- 243000 train + 24300 test - random perturbations

Norb291K:

- 291600 train + 29160 test - random perturbations - textured background.

Convolutional Network.

Stochastic gradient.

Diagonal Levenberg-Marquardt.

Norb24K Results

Classifier Training Set Test Set Input Test Error Linear Classifer Norb24K Norb24K raw 2x96x96 30.2% K-NN (K=1) Norb24K Norb24K raw 2x96x96 18.4% K-NN (K=1) Norb24K Norb24K PCA 95 16.6% SVM Gaussian Norb24K Norb24K raw 2x96x96 . . . SVM Gaussian Norb24K Norb24K raw 1x48x48 13.9% SVM Gaussian Norb24K Norb24K PCA 95 13.3% Convo. Net 80 Norb24K Norb24K raw 2x96x96 6.6% SVM Gaussian Norb24K Norb243K raw 1x48x48 34.4% Convo. Net 80 Norb24K Norb243K raw 2x96x96 15.7%

Norb243K and Norb291K Results

Classifier Training Set Test Set Input Test Error Linear Classifer Norb243K Norb243K raw 2x96x96 30.6% k-NN (K=1) Norb243K Norb243K raw 2x96x96 . . . SVM Gaussian Norb243K Norb243K raw 2x96x96 . . . SVM Gaussian Norb243K Norb243K raw 1x32x32 . . . Convo. Net 100 Norb243K Norb243K raw 2x96x96 7.1% Convo. Net 100 Norb291K Norb291K raw 2x96x96 10.6%

Links

Léon Bottou (1998) Online Algorithms and Stochastic Approximations, In Saad, D., editor, Online Learning and Neural Networks. Cambridge University Press, Cambridge, UK. Leon Bottou, Noboru Murata (2002) Stochastic approximations and efficient learning. In M. A. Arbib, editor, The Handbook of Brain Theory and Neural Networks, second edition. The MIT Press, Cambridge, MA, 2002.

Stochastic Learning

Léon Bottou Email: leon@bottou.org

Summary

1- Framework, Examples 2- Backprop Cookbook 3- Convergence 4- Optimal Learning.

Introduction:

Old slides (1994), but good review of the practical difficulty of running large scale stochastic learning algorithms.

Link:

Yann Le Cun, Léon Bottou, Genevieve Orr, Klaus-Robert Müller: Efficient Backprop, In Neural Networks, Tricks of the Trade, Lecture Notes in Computer Science 1524. Springer Verlag.

Stochastic Learning

Léon Bottou Email: leon@bottou.org

Summary

1- Framework, Examples 2- Backprop Cookbook 3- Convergence

- Convex case - General convexity - Three proofs - Convergence speed - General case - Global confinement - Weak convergence - Speeding up the search?

4- Optimal Learning

Notations.

Expected Risk C(w) △ = Ez L(z, w) △ = ∫ L(z, w) dP (z)

Stochastic Gradient Update wt+1 = wt − γtJ(zt, wt) Ez J(z, w) = ∇w C(w)

Hessian H(w) = ∂2 ∂w2 C(w)

General Convexity.

General convexity assumption.

∀ε > 0, inf (w−w∗)2>ε (w − w∗) ∇wC(w) > 0

- Gradient point towards the right direction. - Gradient does not vanish (no plateaus).

Learning rates.

Requirement: γt J(zt, wt) −→ 0

Two possibilities:

- Decreasing learning rates: γt → 0 - Decreasing gradients: J(zt, wt) → 0.

Note: E_z ( J(zt, wt)2 ) ≈ Ez ( J(zt, w∗)2 ) + (wt − w∗)′H(w∗)(wt − w∗) E_z ( J(zt, wt)2 ) ≤ A + B(wt − w∗)2

In general A ≠ 0. Therefore learning rates must decrease.

Three convergence proofs.

I will present three proofs for the following cases. - Continuous gradient, - Batch gradient, - Stochastic gradient

All share the same three-step structure, but use increasingly sophisticated tools.

Reference: Metivier (1981).

Continuous Gradient: step A.

Differential equation defines w(t): dw dt = −∇wC(w)

Step A: define Lyapunov function: h(t) △ = (w(t) − w∗)2

Continuous Gradient: step B.

Step B: Lyapunov function converges dh dt = 2(w − w∗) dw dt = −2(w − w∗)∇wC(w) ≤ 0

Function h(t) is positive, decreasing =⇒ converges.

Continuous Gradient: step C.

Step C: Continuous gradient converges

Since h(t) converges, dh dt = −2(w − w∗)∇wC(w) → 0

General convexity =⇒ w(t) → w∗

Batch Gradient: step A.

Update rule defines wt: wt+1 = wt − γt∇wC(w)

Step A: define Lyapunov sequence: ht △ = (wt − w∗)2

Batch Gradient: lemma for step B.

S+t = t−1∑ i=1 [ ut+1 − ut ] + with [ x ]+ = { x if x > 0 0 otherwise.

Bounded positive variations convergence theorem: ∀t, ut > 0 S+t converges } =⇒ ut converges.

Batch Gradient: step B.

Step B: Convergence of Lyapunov sequence:

Additional assumptions. ∑ γ2t converges (∇wC(w))2 < A+B(w − w∗)2 } =⇒ ht converges.

Proof (assuming B = 0):

[ h_{t+1} − ht ]_+ = [ −2γ_t (w_t − w^∗)∇_wC(w_t) + γ^2_t (∇_wC(w_t))^2 ] + ≤ γ^2_t (∇_wC(w_t))^2 ≤ γ^2_t A and apply the bounded positive variations convergence theorem.

Proof sketch (assuming B ≠ 0):

Define μ_t = ∏_t i=1(1 − γ^2_i B).

Show that h^′_t = h_t/μ_t converges. Then show that h_t converges as well.

Batch Gradient: step C.

Step C: Batch gradient converges.

Additional assumption: ∑ γt = ∞ =⇒ wt → w∗ Proof:

h_{t+1} − h_t = −2γ_t (w_t − w^∗)∇_wC(w_t) + γ^2_t (∇_wC(w_t))^2 Both blue terms have convergent sums. Therefore ∑ γ_i(w_i − w^∗)∇_wC(w_i) converges.

The assumption then means that (w_t − w^∗)∇_wC(w) → 0. The general convexity hypothesis then implies the convergence.

Stochastic Gradient: step A.

Stochastic update rule defines wt: wt+1 = wt − γtJ(zt, wt)

Step A: define Lyapunov process: ht △ = (wt − w∗)2

Stochastic Gradient: Quasi-martingales.

Let ut be a stochastic process.

Let Pt represent what is known on time t, ( u0, . . . , ut.) Define indicator of expected positive differences. δt = { 1 if E(ut+1 − ut|Pt) > 0 0 otherwise.

and the sum S+t = t∑ i=1 E(δ_t (u_{t+1} − u_t))

Positive quasi-martingale convergence theorem: ∀t, ut > 0 S+t converges } =⇒ ut converges almost surely.

Metivier: Semi-martingales, 1983, Theorem 9.4, Proposition 9.5

Stochastic Gradient: step B.

Step B: Convergence of Lyapunov process:

Additional assumptions. ∑ γ2t converges E ( J(z, w)2 ) < A+B(w − w∗)2 } =⇒ ht converges a.s.

Proof (assuming B = 0):

E (h_{t+1} − h_t | P_t) = −2 γ_t(w_t − w^∗) E (J(z_t, w_t) | P_t) + γ^2_t E ( J(z_t, w_t)^2 | P_t ) = −2 γ_t(w_t − w^∗)∇_wC(w_t) + γ^2_t E_z(J(z_t, w_t)^2) ≤ γ^2_t A

E(δ_t(h_{t+1} − h_t)) = E(δ_tE (h_{t+1} − h_t | P_t)) ≤ E (E (h_{t+1} − h_t | P_t)) ≤ γ^2_t A and apply the quasi-martingale convergence theorem.

The case B ≠ 0 can be treated as suggested for batch gradient.

Stochastic Gradient: step C.

Step B: Stochastic gradient converges almost surely.

Additional assumption: ∑ γt = ∞ =⇒ wt a.s.−→ w∗ Proof:

E (h_{t+1} − ht) = −2γt E ((wt − w^∗)∇wC(wt)) + γ^2_t Ez(J(zt, wt)^2) Both blue terms have convergent sums. Therefore ∑ γ_iE ((w_i − w^∗)∇_wC(w_i)) converges.

The assumption then means that lim inf(w_t − w^∗)∇_wC(w) = 0 (a.s.) The general convexity hypothesis then implies the convergence.

General case.

- Non convex cost functions. - Several local minima.

- Possibly several global minima. - Critical subspaces. - Saddle points.

Local confinement.

- Partition space into attraction basins. - Make sure wt is confined to a specific basin. - Define suitable Lyapunov functions on the basin

Reference: Krasovskii (1963)

Batch gradient: Confinement works well. Stochastic gradient: Confinement works poorly.

Stochastic noise can always get w_t out of any attraction basin with small but non zero probability.

Standard assumptions C(w) > 0 C(w) has continuous second derivatives. ∑ i γi = ∞ ∑ i γi converges.

Ez ( J(z, w)2 ) ≤ A + Bw2

Global confinement.

Additional Assumptions ∃D > 0, inf w2>D w ∇wC(w) > 0 ∃E > D, sup w2<E J(z, w)2 < K =⇒ P { ∃t0, ∀t > t0, w2t < 2E } = 1

Proof sketch:

Define Lyapunov process h_t = max(E, w^2_t ). Performs steps a, b, and c. Conclude.

Benefits:

We are now working in a compact set {w^2_t < E}. Continuity implies that all continous quantities are bounded a.s.

Convergence to Extremal Points. . . . =⇒ { C(wt) converges to some value C∞. ∇wC(wt) a.s.−→ 0 Proof sketch:

a- Define Lyapunov process h_t = C(w_t). b- Lyapunov process converges.

c- Define secondary Lyapunov process g_t = (∇_wC(w_t))^2.

Perform steps a, b, and c again.

Note:

We must either use global confinement or assume suitable bounds on ||∇∇C(w)||.

Convergence to Extremal Points.

- Local maxima and saddle points are unstable.

But one can construct cases whithout noise.

- Infinite plateaus are ruled out by global confinement.

Otherwise they can spoil the day.

Speed issues.

Final convergence speed - Replace learning rate γt by a matrix Φt. - Estimate E((wt − w∗)2). Speed during the search phase - Information geometry. - Speedup via regularisation. =⇒ Optimal Learning Algorithms.

Conclusion.

These convergence results apply to: - adalines - multilayer networks - perceptrons - kmeans - lvq2 - . . .

Stochastic Learning

Léon Bottou Email: leon@bottou.org

Summary

1- Framework, Examples 2- Backprop Cookbook 3- Convergence 4- Optimal Online Algorithms

- Theory - Discussion - Experiments - Open questions

Chronology

1970 Tsypkin & others

Optimal learning systems.

1995 Saad, Solla, Caticha & others Optimal online algorithms in statistical physics. ( e.g. teacher network / student network, overlaps ).

1997 Murata, Amari

Statistical Analysis of Learning.

Natural Gradient achieves Cramer-Rao bound. 2003 Bottou, LeCun

to appear. . .

Question

Very large number of examples. Limited time.

1. Run well designed online algorithm.

Never present the same example twice. Process examples until time runs out.

2. Run superlinear batch algorithm.

Process the largest set of example we can afford.

Answer: ?

Gradient Descent (batch, constant rate)

J(w) = ∂ ∂w C(w) wt = wt−1 − η J(wt−1)

When λmin << λmax and η < 2/λmax,

|wt − w∗|2 ≡ 1 exp(2 η λmin t )

Gradient Descent (batch, superlinear)

J(w) = ∂ ∂w C(w) wt = wt−1 − Φt J(wt−1)

Proper choice of the scaling matrix Φt yields:

|wt − w∗|2 ≡ 1 exp(. . . exp(. . . t))

Online Gradient Descent

C(w) = Ez(L(z, w))

J(z, w) = ∂ ∂w L(z, w) wt = wt−1− 1 t Φt J(z, wt−1)

Residual noise proportional to learning rate 1/t.

|wt − w∗|2 ≡ 1t (. . . at best.)

Learning vs. Optimization

• Batch learning optimizes the training error, < L(z, w) > averaged on the training set.

• Online learning slowly optimizes . . .

< L(z, w) > averaged on whatever distribution the online examples are drawn from. What distribution exactly?

Online vs. Batch

Dynamics of w∗L

Simple expansion shows w∗L = w∗L−1 − ΨL 1 L J(zL, w∗L−1) + O ( 1 L2 )

Matrix ΨL converges to the inverse of the Hessian matrix ΨL → H−1 H = ∂2 ∂w2 C(w∗)

Compare. . .

• Movement of the training set solution when adding one additional training example zL. w∗L = w∗L−1 − ΨL 1 L J(zL, w∗L−1) + O ( 1 L2 )

• Parameter update rule for online gradient. wt = wt−1 − Φt 1 t J(zt, wt−1)

Same speed?

Theorem

Consider the stochastic process wt = wt−1 − Φt 1 t J(zt, wt−1) + O ( 1 t2 )

Assume Φt → Φ∗ = H−1

THEN: E ( (wt − w∗)2^) = Kt + o^(1t^)

AND: K = trace ( Φ∗ E [ J(z, w∗)J′(z, w∗) ] Φ∗ )

Theorem

Proof sketch:

1- Lemma: Consider a positive sequence u_t satisfying

u_t = ( 1 − α t + o ( 1 t )) u_{t−1} + β t^2 + o ( 1 t^2 )

Prove that t u_t −→^β_{α−1} if α > 1 and β > 0.

2- Write trace (E (θ_tθ^′_t | P_t)) as a function of θ_{t−1}.

3- Take the unconditional expectation and apply the lemma.

Remark:

The same^1_t behavior holds if Φ_t → Φ^∗ >^1_2 H^{−1}. The constant K is worse by a factor ≈ ||HΦ^∗||.

Consequence

When Φt → Φ∗ = H−1

E^[(w_t − w^∗)^{2]} ≈ E^[(w^∗_t − w^∗)^{2]} ≈ K t Same K.

Special Case

Murata & Amari, 1998:

“Natural Gradient achieves Cramer-Rao bound.”

- Maximum likelihood loss L(z, w) = − log ϕw(z) - Hessian H equals Fisher information matrix G(w∗). - Natural Gradient matrix → H−1. - K = trace ( G(w∗)−1 )

where we recognize the Cramer-Rao bound.

Consequence I

Learning is mainly limited by the fact that some informative examples have not yet been seen rather than by the fact that the examples already seen have not been fully exploited by the minimization process.

Consequence II

Very large number of examples. Limited time.

1. Run well designed online algorithm.

Never present the same example twice. Process examples until time runs out.

2. Run superlinear batch algorithm.

Process the largest set of example we can afford.

Answer: 1 — Option 1 wins by a factor log log T .

Consequence II

Proof:

Batch learning on N examples: (w^∗_N − w^∗)^2 ∼ 1 N Batch must perform ∼ log log N iterations to this accuracy. During the same time, online can process ∼ N log log N examples.

(w_t − w^∗)^2 ∼ 1 N log log N ≪ 1 N ∼ (w^∗_N − w^∗)^2

No need to use the constant K!

Consequence III

When Φt → Φ∗ = H−1

One epoch is (almost) enough.

Experiments: data.

Simple validation experiment.

- Dimension 19 - Two classes +1 and −1. - One gaussian per class.

- Eigenvalues range from 1 to 20. - Optimal classification error ≈ 10%.

Experiments: model.

One sigmoid unit trained with least squares.

Akin to a Generalized Linear Model (GLIM). – Represents well the final convergence phase. – Significant applications exist.

Batch-Newton algorithm.

Repeat:

• Compute total gradient g(w) and hessian H(w).

• Update: w := w − H−1(w)g(w)

Quadratic convergence.

Similar to GLIM’s traditional algorithm (IRLS).

Online-Kalman algorithm.

One sequential sweep over the training set. w := w − 1 τ Φt ∂L ∂w (xt, yt, w)

– Leaky approximation of the Hessian Ĥt. – Gauss Newton trick eliminates negative curvature. – Scaling matrix Φt = Ĥ−1t

Note: τ = max(20, t − 40)

Online-Kalman algorithm.

Φt = ( ( 1 − 2 τ ) Φ−1t−1 + (2 τ ) ( f ′(θt−1xt) )2 xtxTt )−1

No matrix inversion required. (Matrix inversion lemma) ( αA−1 + βuuT )−1 = 1 α ( A − (Au)(Au)T α/β + uTAu )

w − w∗ vs. number of examples.

w − w∗ vs. time.

Test MSE vs. number of examples.

Test MSE vs. time.

Discussion.

It works!

Immediate conclusion – Can train GLIM faster than Newton (or IRLS). – Only one pass over the training data.

Perspectives Theory applies to arbitrary gradient descent. – Non linear networks (convolutional, transducers, etc) – One pass? (after how many examples?)

Open issues

Final convergence vs. Search phase.

– Asymptotic result addresses the final convergence phase. – Search phase impacts how fast we reach this regime.

Online learning vs. Vapnik’s theory. – Both address generalization questions. – Links?

Simplified scaling matrices.

– Full rank scaling matrices are too expensive. – Limited storage approximations might be good enough.

Final words.

Hardware facts:

Tremendous improvements in { mass storage.

network bandwidth.

Faster than Moore’s law on processing power.

Consequences:

Large data sets are available for machine learning. Computing power is getting relatively scarce.

Stochastic algorithms become attractive (again).